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We analyze the dynamical evolution of a perturbed force-free magnetosphere of a rotating black
hole, which is described by the Blandford-Znajek solution in the stationary limit. We find that the
electromagnetic field perturbations can be classified into two categories: “trapped modes” and “traveling waves”. The trapped modes are analogous to the vacuum (without plasma) electromagnetic
quasinormal modes in rotating black hole spacetimes, but with different eigenfrequencies and wave
functions, due to their coupling with the background electromagnetic field and current. The traveling waves propagate freely to infinity or the black hole horizon along specific null directions, and
they are closely related to the no-scattering Poynting flux solutions discovered by Brennan, Gralla
and Jacobson. Our results suggest that the Blandford-Znajek solution is mode stable, and more
importantly we expect this study to illuminate the dynamical behavior of force-free magnetospheres
as well as to shed light on the path to new exact solutions.
PACS numbers: 04.70.Bw, 94.30.cq, 46.15.Ff

I.

INTRODUCTION

It is generally believed that a magnetized, rotating
black hole could power an outgoing Poynting flux (“jet”)
through the “Blandford-Znajek” (BZ) process [1]. This
process is analogous to the power-extraction process of
neutron stars as discovered by Goldreich and Julian [2],
but with the outgoing flux powered by the rotational
energy of the black holes instead of the neutron stars.
Lately Lyutikov also discussed another power-extracting
scenario with a Schwarzschild black hole moving in a constant magnetic field [3]. Within the magnetosphere of
the black holes, the energy density of the electromagnetic field is orders of magnitude larger than the energy
density of the plasma itself, and this physical condition
justifies the approximation that the plasma particles’ inertia is negligible, which is often referred as the force-free
approximation. It turns out that under such an approximation, the evolution of the electromagnetic field is selfcontained, in the sense that we have a closed set of evolution equations without explicitly invoking the equations
of motion for the plasma. The presence of the plasma
particles instead manifests as a non-linear modification
to the vacuum Maxwell equations. It is within this forcefree context that the BZ solution was discovered.
Ever since the seminal work by Blandford and Znajek, much progress has been made on the study of the
force-free magnetosphere of black holes. MacDonald and
Thorne [4] have formulated the force-free evolution equations in a 3 + 1 language, which serves as the foundation
for most of the numerical investigations later on (e.g. [5–
20]). Carter [21] and Uchida [22–26] instead constructed
a unified spacetime description, recasting the dynamical
variables into a pair of scalar Euler potentials. More recently, Gralla and Jacobson [27] promoted the utilization
of differential forms in conjunction with the scalar potentials, and they demonstrated that this geometric language is extremely efficient at explaining previous results

on exact solutions such as the family of null (E · B = 0
and E2 = B2 ) solutions discovered by Brennan, Gralla
and Jacobson [28, 29], as well as acquiring new insights
into the underlying physics. As a result, we shall also
adopt the language of differential forms in our analysis.
As compared to the progress made on exact solutions,
the literature on the dynamical perturbations and the
mode structure of the force-free magnetosphere is more
scarce. While many numerical investigations have indicated that the Blandford-Znajek process is remarkably
stable against perturbations [13, 15, 30–32] a clear and
precise analytical understanding of the problem is still
lacking. An important step in this direction was achieved
by Uchida [22, 23, 26], who constructed a general framework for the linear perturbations of force-free systems.
However, mode structure of black hole magnetospheres
has never been analyzed before. In this work, we utilize
the differential forms formalism to lay down an alternative set of perturbation equations. Using more recent
perturbative techniques, we have been able to decouple
these equations, solve them, and reveal, for the first time
in literature, a remarkably clean mode structure and perturbation propagation behavior.
We will show that the perturbation of force-free
magnetospheres fall into two classes of solutions: the
“trapped modes” and the “traveling waves” (depicted
schematically in Fig. 1). The trapped modes represent
a collection of electromagnetic waves (distinguished by
their spherical harmonic decomposition) trapped by an
effective potential, which is due to the spacetime geometry as well as the presence of the background electromagnetic field and current. Similar to the usual black hole
quasinormal modes [35–40], this trapping is imperfect
and the modes will eventually be absorbed by the black
hole or leak out to infinity. As a result, the eigenfrequencies of these modes are complex numbers (whose values
we compute explicitly). On the other hand, the traveling
waves comprise a class of waves that propagates along
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the magnetic monopole solution in a Schwarzschild spacetime in Sec. III. Equipped with the intuition and results
obtained in Sec. III, we tackle the perturbations to the
Blandford-Znajek solution in Sec. IV. Final concluding
remarks are presented in Sec. V.
II.

FIG. 1: A schematic depiction of the two classes of perturbations. The green and blue waves propagating away from and
towards the black hole belong to the traveling wave class of
solutions, while the red wave packet represents the trapped
modes that are imperfectly confined by an effective radial potential. The black sphere in this figure represents the black
hole, and the grey dashed circle represents a spherical photon orbit (for the relationship between such orbits and the
trapped perturbations such as quasinormal modes, see e.g.
[33, 34]).

FORMALISM

In this section, we set up the basic framework for our
perturbative study. As mentioned in the introduction, we
shall rely heavily on differential forms in the following
analysis, as promoted in Ref. [27]. A useful review of
differential forms can be found in Appendix A of [27], or
textbooks on differential geometry.
For later convenience, we quote the Kerr metric in
Boyer-Linquist coordinates for a black hole with mass
M and spin a, and we are particularly interested in its
small-spin limit (to first order in a):
Σ∆ 2 A
Σ
dt + sin2 θ(dφ − ΩZ dt)2 + dr2 + Σdθ2 ,
A
Σ
∆
(2.1)
whereby the quantities appearing in the metric (and their
small-spin limits) are


∆
2M
a2
2M
Σ =r2 + a2 cos2 θ ≈ r2 , 2 = 1 −
+ 2 ≈ 1−
r
r
r
r
2M
a
2M
ar
≈ 3 .
A =(r2 + a2 )2 − a2 ∆ sin2 θ ≈ r4 , ΩZ =
A
r
(2.2)
ds2 = −

the principal null directions of the background spacetime without any backscattering. In this sense, they are
closely related to the null solutions of Brennan, Gralla
and Jacobson [28]. An important difference here is that
the solutions we find are generic perturbations to the
Blandford-Znajek solution, while the whole spacetime is
still magnetically dominated 1 , and the current density is
generically not null. It is also important to note that this
non-scattering mode family is a new feather of perturbations of force-free plasma, which is not present in vacuum.
While analyzing these two classes of solutions, we observe
no unstable modes, thus providing an affirmative answer
to mode stability, and initiating the first step towards a
proof of full non-linear stability. We also note that the
understanding gained here of the perturbing modes, such
as their characteristic frequencies, will help interpret astronomical observations of the “settling-down” stage of
perturbing events, enabling in particular the extraction
of important information regarding the host black hole.
We note that because the Blandford-Znajek solution
is only known in the small black-hole spin limit, we
shall only focus on slowly spinning black holes. In addition, the perturbative analysis here is performed on
the monopole solution, which describes the local perturbations (on the northern or southern hemisphere) of the
split-monopole solution. In order to obtain a global solution, the solution on the northern and southern hemispheres have to be matched on the current sheet, which
is also the equatorial plane here. The structure of this
paper is organized as follows: We begin by introducing
the general framework for generating perturbation equations in Sec. II, before specializing to the perturbations of
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By magnetic dominance, we mean that B2 > E2 everywhere in
the plasma.

The black hole’s outer horizon is located at r+ = M +
√
M 2 − a2 which reduces to 2M in the Schwarzschild
limit. In addition, another commonly used radial (“tortoise”) coordinate r∗ is defined through dr∗ = (r2 +
a2 )/∆dr. For the rest of the paper, we will assume M = 1
whenever explicit numerical calculations are performed,
such as when generating the figures.
In the force-free plasma, the electromagnetic field is
degenerate:F ∧ F = 0, where F is the field 2-form. Together with the source-free part of the Maxwell equation
dF = 0, it can be shown [21–26] that there is always at
least one pair of “Euler potentials” φ1 , φ2 such that
F = dφ1 ∧ dφ2 .

(2.3)

The force-free condition further requires that
dφ1 ∧ d ∗ F = 0,

dφ2 ∧ d ∗ F = 0 ,

(2.4)

where ∗ stands for the Hodge dual operator. Note “Euler potentials” are locally defined functions that depend
on the spacetime coordinates, and they are not unique
for a given field 2-form F . This gauge freedom can be
fixed by specifying the expressions for φ1 , φ2 , and imposing appropriate boundary conditions. In particular, the
Blandford-Znajek solution can be represented by
φ1 = q cos θ,

φ2 = φ −

ΩH
u.
2

(2.5)
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Here q is the monopole charge which can be determined
by integrating the total magnetic flux over the north2
ern/southern hemisphere, ΩH = a/(r+
+ a2 ) ≈ a/(4M 2 )
and u = t − r∗ is the outgoing tortoise coordinate. Using
Eq. (2.5), it is straightforward to check that the above
solution satisfies the force-free condition in Eq. (2.4) up
to O(a) order.
Now suppose that the force-free magnetosphere as described by the Blandford-Znajek solution is perturbed
from its original state. The new field 2-form is expressed
by a new pair of “Euler potentials” φ̃1,2 :
F̃ = F + δF = dφ̃1 ∧ dφ̃2 ,

(2.6)

where the perturbative expansion parameter   1. As
the perturbation magnitude is small, it is always possible
to find the pair of φ̃1 and φ̃2 such that
φ̃1 = φ1 + α,

φ̃2 = φ2 + β ,

(2.7)

where α, β are the perturbative “Euler potentials”. The
perturbative field 2-form can then be read off from
Eqs. (2.6) and (2.7) as
δF = dα ∧ dφ2 + dφ1 ∧ dβ ,

(2.8)

with the perturbed field 2-form given by
δF = d cos θ ∧ dβ + dα ∧ dφ .

Combining Eqs. (3.2) and (3.3), it is then straightforward to derive the following wave equations for α and β
(defining x ≡ cos θ):


∂2
∂2
− 2+ 2 α
∂t
∂r∗
 2

∂ α
∂2β
2 1 − 2M/r
+ (1 − x )
+
=0
(3.4)
r2
∂x2
∂x∂φ




∂2
1 − 2M/r ∂ 2 β
∂2α
∂2
+
− 2 + 2 β+ 2
= 0.
∂t
∂r∗
r (1 − x2 ) ∂φ2
∂φ∂x
(3.5)
Even when assuming a separable form for the solutions
with φ dependence of α and β given by eimφ , these two
equations are generally coupled when m 6= 0. In the
rest of this section, we will decouple the equations via a
“basis transformation” and discover that there are two
distinctive families of solutions (the “tapped modes” and
the “traveling waves”). We discuss their behaviours separately in Sections III A and III B, respectively.

and the force-free condition for the total field F̃ can be
translated into (up to O() order)
dα ∧ d ∗ F + dφ1 ∧ d ∗ δF = 0,
dφ2 ∧ d ∗ δF + dβ ∧ d ∗ F = 0 .

In order to gain some physical intuition before attacking the full problem, we first study the perturbation of
the Schwarzschild monopole solution. For simplicity, we
will set the monopole charge to 1, in which case the field
2-form is just

γ1 ≡ ∂x α + ∂φ β .

(3.6)

Then taking ∂x against Eq. (3.4) and ∂φ against (3.5)
before adding up the two expressions leads to a decoupled
wave equation for trapped modes 2 :





∂2
∂2
1 − 2M/r ∂
2 ∂γ1
− 2 + 2 γ1 +
(1
−
x
)
∂t
∂r∗
r2
∂x
∂x
2
1 − 2M/r ∂ γ1
+ 2
= 0.
(3.7)
r (1 − x2 ) ∂φ2
One can easily check that Eq. (3.7) is separable under the
ansatz γ1 = e−iωt eimφ χ1 (r)Plm (x), where Plm (x) is the
associated Legendre polynomial. In addition, the radial
equation for χ1 (r) can be deduced from Eq. (3.7) as


d2
l(l + 1)(1 − 2M/r)
2
χ1 (r) + ω −
χ1 (r) = 0 , (3.8)
dr∗2
r2
which is the standard Regge-Wheeler-type wave equation
in Schwarzschild spacetime [35, 36, 41, 42] for electromagnetic perturbations. After imposing the boundary conditions that the wave is ingoing at horizon and outgoing

(3.1)

There is no background current in this solution (d ∗ F =
0), and the force-free conditions reduce to
dφ ∧ d ∗ δF = 0 ,

Trapped modes

Let us now define a new basis variable

III. PERTURBATIONS OF THE
SCHWARZSCHILD MONOPOLE SOLUTION

d cos θ ∧ d ∗ δF = 0,

A.

(2.9)

We can see that the above expressions contain both the
coupling between the perturbative current d ∗ δF and the
background field as represented by dφ1 and dφ2 , and the
coupling between the perturbative fields and the background current d ∗ F . It can be applied to generic backgrounds as long as the background “Euler potentials”
are known. The perturbative electromagnetic field with
these couplings has a richer structure than the perturbations in a vacuum Kerr spacetime, as will be explained
in more details in later sections.

F = d cos θ ∧ dφ .

(3.3)

(3.2)

2

As explained below, the radial wave equation contains an potential term which effectively traps the mode excitations, so that we
refer these modes as “trapped modes”.
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at spatial infinity,

 e−iωr∗ ,
χ1 (ω, r) ≡
 iωr∗
e
,

r∗ → −∞
(3.9)
r∗ → ∞ ,

we can solve the eigenvalue problem and obtain the discrete set of ωl values as the quasinormal mode frequencies. The relationship between this equation and the
Teukolsky equation with which the quasinormal modes
of Newman-Penrose quantities [43] are usually computed
is given in Ref. [42]. Once we have solved for γ1 , we can
use the expressions in Appendix A to recover α and β,
and subsequently δF .
The equivalence between the trapped modes and the
vacuum electromagnetic quasinormal modes suggests
that in the Schwarzschild spacetime, the trapped mode
perturbations also generate no current. In this sense, the
force-free conditions in Eq. (3.2) are trivially satisfied,
and the wave equations can instead be derived from the
vacuum Maxwell equations:
d δF = 0 ,

d ∗ δF = 0 .

(3.10)

This is possible because the background monopole solution has no current, so we are at liberty to add any
current-free (thus vacuum, but note that not all vacuum
solutions satisfy the force-free equations and constraint
E · B = 0) perturbative solution to it, without needing to
be concerned with field-current interactions. This property of the trapped modes in the Schwarzschild spacetime is however no longer true if the black hole is rotating, in which case we shall find a non-vanishing current
generated by the trapped mode perturbations, and the
current-field coupling is important there.

B.

traveling waves

The other family of solutions can be obtained by defining
γ2 ≡ (1 − x2 )∂x [(1 − x2 )β] − ∂φ α ,

(3.11)

and take ∂φ against Eq. (3.4) and ∂x against Eq. (3.5)
multiplied by 1 − x2 . After taking the difference between
the results (with another 1−x2 multiplied onto Eq. (3.5)),
we obtain


∂2
∂2
− 2 + 2 γ2 = 0 .
(3.12)
∂t
∂r∗
Obviously the solutions in the time domain are γ− (t −
r∗ , θ, φ) and γ+ (t + r∗ , θ, φ), which describe wave packets
propagating freely along the ingoing or outgoing principal
null direction, and hence we refer to them as the “traveling waves”. Unlike the quasinormal modes or the trapped
modes, these traveling waves don’t experience any scattering from a potential, which is a property shared by

the null solutions discovered by Brennan, Gralla and Jacobson [28]. In fact, it is easy to check that the perturbative solution δF here is the Schwarzschild limit of
their null solutions, although here we have written them
in a more explicit form. As was noted in Ref. [28], the
background monopole, in addition to being current-less,
also does not interact with the perturbative current of
the null solutions, so that the null solutions adding to
the Schwarzschild monopole solution still satisfies the
force-free condition. It is also important to note that
these observations are no longer true for traveling waves
in force-free plasma surrounding a rotating black hole,
where we see couplings between the perturbative field
and the background current, as well as forces by the background field acting on the perturbative current.

IV. PERTURBATIONS OF THE
BLANDFORD-ZNAJEK SOLUTION

If the back hole is rotating, Blandford and Znajek
showed that the black hole drags the magnetic field lines
to co-rotate at half of the horizon frequency. During this
process, the black hole gradually loses its rotational energy, which is carried away as outgoing Poynting flux to
infinity. As mentioned in Sec. II, the electromagnetic field
here can be described by the Blandford-Znajek solution
in Eq. (2.5), where solutions with positive and negative
monopole charge q should be attached at the equatorial
plane.
The perturbations of the Blandford-Znajek solution
have to satisfy the force-free conditions described by
Eq. (2.9). Similar to the Schwarzschild monopole background case, they give rise to two coupled wave equations
in the following form:
(Q1 α + H1 β) E ≡
dα ∧ d ∗ F + d cos θ ∧ d ∗ δF = 0 ,
(4.1)
(H2 α + Q2 β) E ≡
(dφ − ΩH /2du) ∧ d ∗ δF + dβ ∧ d ∗ F = 0 , (4.2)
where Qi and Hi i ∈ {1, 2} are differential operators, and
E = dθ ∧ dφ ∧ dr ∧ dt. The detailed expressions for Qi
and Hi are listed in Appendix B. Note that similar to
Blandford and Zanjek [1], we only keep terms up to O(a)
order, and the force-free condition in Eq. (2.9) is also satisfied to O(a) order. A more general treatment requires
first knowing the exact form of Blandford-Znajek-type
solutions for generic black hole spins, which is currently
unavailable.
In order to solve the coupled wave equations, we shall
transform them from the (α, β) basis to the (γ1 , γ2 ) basis, under which they are decoupled in the Schwarzschild
limit. Applying Eqs. (3.6) and (3.11) to Eqs. (4.1) and
(4.2), and after a lengthy but nevertheless straightforward calculation, we arrive at the wave equations in
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terms of the new basis variables:
HV γ1 + aV1 γ1 + aV2 γ2 = 0 ,
HP γ2 + aP1 γ1 + aP2 γ2 = 0 ,

4

where the detailed expressions for operators HV , HP ,
V1,2 and P1,2 are given in Appendix C, and they are all
devoid of a dependence. Subsequently, aV1,2 and aP1,2
are proportional to the black hole spin a, and in the slowrotation limit, they can be treated as components of a
perturbative “Hamiltonian” in the wave equations. For
Schwarzschild black holes with a = 0, the perturbative
Hamiltonian vanishes, and the above wave equations reduce to Eqs. (3.7) and (3.12). In the next section, we shall
introduce a perturbation technique to solve Eqs. (4.3)
and (4.4).

3
ImHrL

(4.3)
(4.4)

2
1
0
-1
-2
-1

A.

0

Perturbative method for solving coupled wave
equations

As HV , HP are independent of a, the Schwarzschild
wave equations (3.7) and (3.12), or
(0)

H V γ1

= 0,

(0)

HP γ2

= 0,

(4.5)

give the solutions described in Sec. III, with the eigenfrequencies ωS being the same as vacuum quasinormalmode frequencies. Let’s examine the spin induced perturbations to the trapped modes first, and add the perturbative Hamiltonian back into the wave equations and
consider Eq. (4.3) in full. We can expand the mode wave
functions as
(0)

(1)

γ1 = γ1 + aγ1 + O(a2 ),

(1)

γ2 = aγ2 + O(a2 ) , (4.6)

where we note in particular that at the zeroth order in a,
the trapped modes have no components in the γ2 sector.
Plugging Eq. (4.6) into the Eq. (4.3), and by going into
the frequency domain, we find that Eq. (4.3) becomes
(0)

(1)

(0)

0 = HV (ωS + δω)[γ1 + aγ1 ] + aV1 γ1 + O(a2 )
∂HV
(1)
(0)
(0)
≈ aHV (ωS )γ1 +
δω γ1 + aV1 γ1 . (4.7)
∂ω ωS
Note that now this equation has naturally decoupled
from γ2 at O(a) order, which is the reason why we switch
to the (γ1 , γ2 ) basis in this analysis.
In order to solve the above equation and obtain the frequency shift δω, we shall apply a technique that Mark,
Yang, Zimmerman, and Chen first developed for studying perturbations to Kerr-Newman black holes [44, 45]
and was later applied to near-extremal black holes to investigate turbulent-like instabilities [46]. In particular,
these studies have verified the validity of this method
under a variety of different scenarios. For example, one
can successfully compute the quasinormal mode frequencies in slowly spinning Kerr black hole spacetimes with it,

1
ReHrL

2

3

FIG. 2: An illustration of the contour (the red curve) in the
complex r plane with which we compute the inner product.
The Schwarzschild wave function is analytical everywhere except at the brach cut (shown as a zigzag line), which starts
at r = 2M and shoots upward to +i∞.

starting from the frequencies in the Schwarzschild spacetime.
The central ingredient is an inner-product against
which HV is a self-adjoint operator
hψ|HV ηi = hHV ψ|ηi ,

(4.8)

for arbitrary trapped mode wave functions ψ and η . According to the expression of HV that can be read off
directly from Eq. (3.7), one such inner-product is given
by
Z
Z 1
dr
hψ|ηi =
d cos θ ψ η ,
(4.9)
C 1 − 2M/r −1
where the integration for r is along a contour C in the
complex r plane, which is graphically depicted in Fig. 2.
One can easily check that the boundary conditions in
Eq. (3.9) guarantee that this contour integration produces a finite result for arbitrary trapped mode wave
functions ψ and η. Equipped with the inner product,
(0)
we can then multiply Eq. (4.7) by γ1 using the “left
product”, and obtain:
(0)

δω = −

(0)

ahγ1 |V1 γ1 i
(0)

(0)

2ωS hγ1 |γ1 i

.

(4.10)

where we have substituted in ∂HV /∂ω|ωS = 2ωS .
For traveling waves, we can use similar arguments and
conclude that the expression
HV γ2 + aP2 γ2 ≈ 0

(4.11)
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FIG. 3: The black dots represent δω/a for the frequency
shifts of the FF trapped modes in the complex plane, where we
have labelled the lines of points sharing the same l (on straight
lines through the origin), while the m values are placed near
the data points. For comparison, we also show as red circles,
the corresponding δω/a values for the vacuum QNMs. Their
trends are the same as the FF modes and so we have not
labelled them explicitly.

more pronounced shift. However, the general trends in
both cases are similar, and we see that the frequency
shifts for both systems share the same linear dependence
on m, and δω = 0 when m = 0 is also true in both cases.
Although these results are obtained in the slow rotation limit, we can nevertheless naively linearly extrapolate the results to a = 1 and we find no sign of mode instabilities. This observation is consistent with conclusions
from previous numerical investigations [13, 15, 30–32],
which have all shown the Blandford-Znajek solution to
be robust against perturbations. At this point, an interesting question to ask is that since we know near-extremal
Kerr black holes possess a family
√ of slowly-damped
modes (with decaying rates ∝
1 − a) [34, 48, 49],
would there also be a family of slowly-damped force-free
trapped modes, or even unstable trapped modes in the
a → 1 limit? To answer this question, of course we need
to understand the Blandford-Znajek-type solution in the
near-extremal spin limit first, which will be subject to
future investigation.

C.

traveling waves

With the traveling waves satisfying Eq. (4.11), we can
separate out the angular dependence and choose the
ansatz for the wave function to be
γ2 = eimφ (1 − x2 )Plm (x)χ2 (t, r) ,

already captures the physics up to O(a) order. In the
following sections, we shall solve the perturbations in the
trapped and traveling sectors explicitly, using the method
outlined above. We shall also discuss the physical implications of these results.

B.

Trapped modes

The trapped modes in the Schwarzschild limit are identical to the vacuum electromagnetic quasinormal modes,
(0)
and their wave functions can be written as γ1
=
−iωS t imφ
m
e
e
χ1 (r)Pl (x). The explicit expressions for the
radial wave function χ1 (r) can be found in Ref. [47] in
an expansion form, which can be inserted into Eq. (4.10)
to compute the frequency shifts.
Some features of the results are immediately obvious.
For example, as ωS is independent of m, χ1 satisfies an
equation (Eq. 3.8) that has no m dependence, and subsequently the denominator in Eq. (4.10) is independent of
m. In addition, as V1 ∝ m (see Eq. C5), we have δω = 0
when m = 0, and δω has a linear dependence on m otherwise. The results for δω/a is plotted in Fig. 3. For
comparison, we also show the δω VAC /a values for vacuum
electromagnetic quasinormal modes in Fig. 3, computed
as the difference between the frequencies in a Kerr spacetime with a = 0.01 and those in a Schwarzschild spacetime. The two systems have different sets of frequency
shift values, with the force-free modes demonstrating a

(4.12)

where the extra (1 − x2 ) factor is introduced to ensure a simple relationship between γ2 and α and β (see
Appendix A for details). Combining Eq. (4.12) and
Eq. (C6), we can derive the following wave equation:




1
ima ∂
∂
∂ 2 χ2 ∂ 2 χ2
−
− 1−
+
χ2 = 0 ,
∂r∗2
∂t2
l(l + 1) 4M 2 ∂t ∂r∗
(4.13)
The solution of this wave equation can be written as


 
ma
1
−
χ2 = f− (t − r∗ ) exp i
1−
r∗ ,
4M 2
l(l + 1)
χ+
2 = f+ (t + r∗ ) .

(4.14)

Aside from the extra phase factor on χ−
2 , we see that
these solutions still describe waves propagate along null
directions without back-scattering (change of propagation direction).

V.

CONCLUSION

We have analysed the perturbative behavior of a
force-free magnetosphere surrounding a rotating black
hole, which has a non-vanishing magnetic monopolelike charge. We find that the perturbative electromagnetic field can generically be classified into two families:
the “trapped modes” and the “traveling waves”. The
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trapped modes are very similar to vacuum electromagnetic quasinormal modes of rotating black holes (in the
Schwarzschild limit they are the same), but with different eigenfrequencies and wave functions. More importantly, these trapped modes possess non-vanishing charge
and current if the host black hole is rotating, and are
“genuine” force-free solutions. The other class of perturbations, the traveling waves, originates from the collective excitation of the electromagnetic field and currents.
We have demonstrated the non-scattering nature of these
waves in the slow-rotation limit, but we expect this property to carry over to the rapidly-spinning-black-hole scenario.
At this point, let us emphasize the point why we have
found an extra family of perturbations as compared to
the vacuum case, even though we are still examining
the electromagnetic field. The key lies in the plasmasupported charge and current in the spacetime. Although
the plasma equations of motion are invisible in the forcefree formalism, its presence nevertheless activates the
source part of the Maxwell equations, and provides some
flexibility that allows for the traveling modes.
In order to translate our results to astronomically more
realistic split-monopole solutions, we have to solve the
perturbative fields in the northern and southern hemispheres (with opposite monopole charges) separately, and
attach the solutions at the equatorial plane. In practice, given the solution on one hemisphere, the perturbations on the opposite hemisphere can be obtained by
switching  → −, with all the previous conclusion remain unchanged. Based on our results, we expect that
if we initially apply some perturbation to the force-free
magnetosphere, such as any electromagnetically loud astronomical event occurring in the vicinity of a supermassive black hole, and if the initial perturbing field can be
decomposed into trapped and traveling modes, then at
later times the perturbation would either fade away after ringing down, propagate to infinity, or be absorbed
by the black hole. In the end, the magnetosphere should
settle down to its original state. If a distant observer
catches some of the ringdown signals emitted during this
process, an inference of the spin of the black hole can be
made by analyzing the frequencies present in the signal.
In the future, we expect the understanding of the
perturbative behavior of black hole force-free magnetospheres developed in this work to be verified by numerical experiments. In addition, with help from numerical
tools, it should be possible to extend this work to generic
black hole spins.

contour integration technique in a separate study. HY
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Appendix A: Recovering α and β from γ1 and γ2

Once we obtain the solutions for γ1 and γ2 , we will
need to recover α and β, in order to construct the perturbative Faraday tensor. We begin by recalling that the
relationships between (γ1 , γ2 ) and (α, β) are
γ1 = ∂x α + imβ ,

(A1)
2

2

γ2 = −imα + (1 − x )∂x [(1 − x )β] .

(A2)

If we define β̂ ≡ β(1 − x2 ), then these expressions lead to


∂
∂[(1 − x2 )γ1 ]
imγ2
m2 α
2 ∂α
=
−
,
(1 − x )
−
∂x
∂x
1 − x2
∂x
1 − x2
(A3)
"
#
∂
∂ β̂
m2 β̂
∂γ2
(1 − x2 )
−
+ imγ1 .
(A4)
=
∂x
∂x
1 − x2
∂x
It is obvious from the form of Eqs. (A3) and (A4) that α
and β can be obtained by integrating a Green’s function
against the sources that appear on the right hand side,
which are linear in γ1 and γ2 . In other words, α and β
can be written as
α = L1α (γ1 ) + L2α (γ2 ),

β̂ = L1β̂ (γ1 ) + L2β̂ (γ2 ) . (A5)

1,2
and L1,2
are linear operators acting only on
where Lα
β̂
the x coordinate.
If we specialize to the separable solutions in the form
of

γ1 = eimφ χ1 (t, r)Plm (x),
γ2 = eimφ (1 − x2 )χ2 (t, r)Plm (x) ,

(A6)

we can explicitly evaluate the Li· operators. First of all,
we invoke the following recurrence relation of the associated Legendre polynomials
d[(1 − x2 )Plm (x)]
1 
m
=
(l − 1)(l + m)Pl−1
dx
2l + 1

m
−(l + 2)(l − m + 1)Pl+1
(A7)

Acknowledgments

We are grateful for many helpful comments from the
anonymous referee. We thank Luis Lehner for advices on
various aspects of this work, and Ted Jacobson for discussions about force-free plasma in general. We also thank
Aaron Zimmerman and Zachary Mark for validating the

and the fact that γ1 = e−iωt eimφ χ1 (r)Plm (x) to obtain

1
(l + m) m
1
−iωt imφ
Lα (γ1 ) = e
e
χ1 (r)
−
Pl−1
2l + 1
l

(l − m + 1) m
+
Pl+1 .
(A8)
l+1
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It is also easy to show that
im
im
Pm = −
γ1 .
l(l + 1) l
l(l + 1)
(A9)
Similarly it is then straightforward to find that
L1β̂ (γ1 ) = −e−iωt eimφ χ1 (r)

L2α (γ2 ) =

imγ2
,
(1 − x2 ) l (l + 1)

(A10)

while L2β̂ (γ2 ) has the same expression as L1α (γ1 ) but with
χ1 replaced by χ2 .
Appendix B: Terms in the perturbation equations in
the α and β basis

In order to compute the explicit forms for Qi and Hi ,
we first note that the background current associated with
the Blandford-Znajek solution is (to O(a))
d ∗ F = −ΩH cos θd cos θ ∧ dφ ∧ du ,

(B1)

and that the Hodge duals to various two forms under our
slow-spinning metric (2.1) are
1 2aM sin2 θ
1
dr
∧
dt
−
dr ∧ dφ,
r2
r2 r − 2M
r
2aM sin2 θ
∗ dx ∧ dt = − sin2 θ
dφ ∧ dr + 2
dt ∧ dr,
(2M − r)
r (2M − r)


2M
dt ∧ dφ
∗ dx ∧ dr = − sin2 θ 1 −
r
r
dθ ∧ dr ,
∗ dt ∧ dφ =
(2M − r) sin θ


2M
1
2aM sin θ
∗ dr ∧ dφ = 1 −
dt ∧ dθ +
dφ ∧ dθ ,
r
sin θ
r
2aM sin θ
∗ dr ∧ dt = −r2 sin θdθ ∧ dφ +
dθ ∧ dt . (B2)
r
∗ dx ∧ dφ = −

It is then a tedious but straightforward matter to compute δF according to Eq. (2.8), and subsequently the
explicit forms of the two equations (4.1) and (4.2), which
allows us to extract the following expressions:





∂α
1
∂α
1 ∂2α
∂ 2 α (ΩZ − ΩH /2) sin2 θ ΩH sin2 θ ∂ 2 α
Q1 α = sin θ ΩH cos θ
+
+ 2
−
+
, (B3)
∂r
1 − 2M/r ∂t
r ∂x∂φ ∂x∂t
(1 − 2M/r)
2
∂x∂r
(

 )


ΩH
∂ 2 α ∂ 2 α sin θ
1
∂α
1
∂2α
∂2α
1
+
−
−
(1 − 2M/r)
+
, (B4)
H2 α =
sin θ(1 − 2M/r) ∂t2 ∂x2 r2
sin θ
∂r ,r
sin θ 1 − 2M/r ∂φ∂t ∂φ∂r
 2

sin3 θ
∂ β
∂2β
sin3 θ ∂ 2 β
sin θ ∂ 2 β
H1 β =
− 2 + 2 + 2
−
2Ω
,
(B5)
Z
1 − 2M/r
∂t
∂r∗
r ∂φ2
1 − 2M/r ∂φ∂t






∂β
ΩH
1 ∂2β
ΩH /2 − ΩZ
∂β
∂β
1
∂β
+
+ ΩH cos θ sin θ
Q2 β = 2
+
sin2 θ
sin2 θ
+
r ∂θ∂φ
1 − 2M/r
∂t ,θ
2
∂r ,θ
∂t 1 − 2M/r
∂r
"
!
#
1 ∂2β
1
∂ β̂
ΩZ − ΩH /2 ∂ 2 β̂
ΩH ∂ 2 β̂
cos θ ∂ β̂
= 2
− sin(θ) −ΩH 2
+
−
+
.
(B6)
r ∂θ∂φ
∂r
1 − 2M/r ∂t∂x
2 ∂r∂x
sin θ ∂t 1 − 2M/r

Appendix C: Terms in the perturbation equations in
the γ1 and γ2 basis

In this section, we compute the terms in the perturbation equations (4.3) and (4.4) that are written under the
γ1 and γ2 basis. We first note that the rescaled perturbation equations


2M H1 β + Q1 α
1−
= 0,
(C1)
r
sin3 [θ]


2M
− 1−
sin θ (H2 α + Q2 β) = 0 ,
(C2)
r

reduces to Eqs. (3.4) and (3.5) in the a → 0 limit. Then
carrying out (on Eqs. C1 and C2) the same basis transformation procedures that lead us from Eqs. (3.4) and
(3.5) into Eqs. (3.7) and (3.7), we obtain Eqs. (4.3) and
(4.4), whereby the HV and HP operators are exactly the
same as the operators appearing in Eqs. (3.7) and (3.12),
respectively. The explicit forms of the remaining operators are given by (after substituting ∂t with −iω and ∂φ
with im, as we will only need the explicit forms of these
operators when applied to separable solutions)

9

V1 γ1 + V2 γ2

"


2M ∂ β̂
1
M3
−2iω
β̂
+
2
1
−
γ1
= −
+
32mω
8M 2
r
∂r
r3







M3
∂γ2
2M ∂γ2
2x
2x
2M ∂ 2 γ2
γ2 − iω 16 3 − 1
1−
−iω
+
− 1−
,
1 − x2
r
∂x
1 − x2
r
∂r
r
∂r∂x

(C3)

and
P1 γ1 + P2 γ2 =




2M
1
∂α
2
−2iω(1
−
x
)α
+
2
1
−
(1 − x2 )
2
8M
r
∂r




3

M
∂γ1
M3
2M
∂ 2 γ1
−32iω 3 x 1 − x2 γ1 + iω(1 − x2 )2 16 3 − 1
+ 1−
(1 − x2 )2
r
r
∂x
r
∂r∂x



2M ∂γ2
−2mωγ2 − 2im 1 −
,
r
∂r

where β̂ and α should be seen as implicit functions of γ1
and γ2 through the Li· operators in Eq. (A5). When γ1 is
(0)
restricted to its separable Schwarzschild limits γ1 , such
as when we compute δω according to Eq. (4.10), we can
replace the L1β̂ operator with its explicit expression from

(C4)

Similarly, when γ2 is assumed to have the separable form
(0)
of Eq. (4.12) (not necessarily restricted to γ2 ), we can
use Eq. (A10) to obtain

(0)

Eq. (A9), and obtain (when acting on γ1 )


m
2M
2i
∂
V1 =
1
−
8M 2
r
l(l + 1) ∂r

2ωS
M3
−32ωS 3 +
.
r
l(l + 1)

P2 =

m
4M 2





1
∂
−1
ω+i
l(l + 1)
∂r∗

(C6)

(C5)

[1] R. D. Blandford and R. L. Znajek, Mon. Not. Roy. Astron. Soc. 179, 433 (1977).
[2] P. Goldreich and W. H. Julian, Astrophys.J. 157, 869
(1969).
[3] M. Lyutikov, Phys.Rev. D83, 064001 (2011), 1104.0639.
[4] D. MacDonald and K. Thorne, Mon.Not.Roy.Astron.Soc.
198, 345 (1982).
[5] I. Contopoulos, D. Kazanas, and C. Fendt, Astrophys.J.
511, 351 (1999), astro-ph/9903049.
[6] S. Komissarov, Mon.Not.Roy.Astron.Soc. 336, 759
(2002), astro-ph/0202447.
[7] E. Asano,
T. Uchida,
and R. Matsumoto,
Publ.Astron.Soc.Jap. (2005), astro-ph/0502371.
[8] J. Cho, Astrophys.J. 621, 324 (2005), astro-ph/0408318.
[9] A. N. Timokhin, Astrophys.Space Sci. 308, 575 (2007),
astro-ph/0607165.
[10] C. Palenzuela, L. Lehner, and S. L. Liebling, Science 329,
927 (2010), 1005.1067.
[11] J. Petri (2012), 1205.0889.
[12] K. Parfrey, A. M. Beloborodov, and L. Hui (2011),
1110.6669.
[13] A. Spitkovsky, Astrophys.J. 648, L51 (2006), astroph/0603147.
[14] C. Kalapotharakos and I. Contopoulos,
Astron.Astrophys. 496, 495 (2009), 0811.2863.
[15] C. Palenzuela, T. Garrett, L. Lehner, and S. L. Liebling,

Phys. Rev. D82, 044045 (2010), 1007.1198.
[16] J. C. McKinney, Mon.Not.Roy.Astron.Soc. 367, 1797
(2006), astro-ph/0601410.
[17] C. Yu, Mon.Not.Roy.Astron.Soc. 411, 2461 (2011),
1010.3592.
[18] D. A. Uzdensky, Astrophys.J. 620, 889 (2005), astroph/0410715.
[19] D. Alic, P. Mosta, L. Rezzolla, O. Zanotti, and J. L.
Jaramillo, Astrophys.J. 754, 36 (2012), 1204.2226.
[20] C. Kalapotharakos, I. Contopoulos, and D. Kazanas,
Mon.Not.Roy.Astron.Soc. 420,
27932798 (2012),
1109.5122.
[21] B. Carter, General Relativity: An Einstein Centenary
Survey (Cambridge University Press, 1979).
[22] T. Uchida, mnras 286, 931 (1997).
[23] T. Uchida, mnras 291, 125 (1997).
[24] T. Uchida, Phys. Rev. E 56, 2181 (1997).
[25] T. Uchida, Phys. Rev. E 56, 2198 (1997).
[26] T. Uchida, mnras 297, 315 (1998).
[27] S. E. Gralla and T. Jacobson (2014), 1401.6159.
[28] T. D. Brennan, S. E. Gralla, and T. Jacobson,
Class.Quant.Grav. 30, 195012 (2013), 1305.6890.
[29] T. D. Brennan and S. E. Gralla (2013), 1311.0752.
[30] C. Palenzuela, C. Bona, L. Lehner, and O. Reula,
Class.Quant.Grav. 28, 134007 (2011), 1102.3663.
[31] L. Lehner, C. Palenzuela, S. L. Liebling, C. Thomp-

10

[32]

[33]
[34]

[35]
[36]
[37]
[38]
[39]
[40]
[41]

son, and C. Hanna, Phys.Rev. D86, 104035 (2012),
1112.2622.
S.
Komissarov
and
J.
McKinney,
Mon.Not.Roy.Astron.Soc.Lett. 377, L49 (2007), astroph/0702269.
V. Ferrari and B. Mashhoon, Phys. Rev. D 30, 295
(1984).
H. Yang, D. A. Nichols, F. Zhang, A. Zimmerman,
Z. Zhang, et al., Phys.Rev. D86, 104006 (2012),
1207.4253.
T. Regge and J. A. Wheeler, Phys. Rev. 108, 1063
(1957).
F. J. Zerilli, Phys. Rev. Lett. 24, 737 (1970).
S. Teukolsky, Astrophys. J. 185, 635 (1973).
S. Teukolsky, Phys. Rev. Lett. 29, 1114 (1972).
E. Berti, V. Cardoso, and A. O. Starinets, Class. Quantum Grav. 26, 163001 (2009), 0905.2975.
H. Yang, F. Zhang, A. Zimmerman, and Y. Chen,
Phys.Rev. D89, 064014 (2014), 1311.3380.
J. A. Wheeler, Phys. Rev. 97, 511 (1955), URL http:
//link.aps.org/doi/10.1103/PhysRev.97.511.

[42] S. Detweiler, Proceedings of the Royal Society of London.
Series A, Mathematical and Physical Sciences 349, pp.
217 (1976), ISSN 00804630, URL http://www.jstor.
org/stable/79029.
[43] E. Newman and R. Penrose, J. Math. Phys. 3, 566 (1962),
URL http://link.aip.org/link/?JMP/3/566/1.
[44] Z. Mark, H. Yang, A. Zimmerman, and Y. Chen (2014),
in preparation.
[45] A. Zimmerman, H. Yang, Z. Mark, Y. Chen, and
L. Lehner (2014), Proceedings of the Sant Cugat Forum
on Astrophysics, Sessions on “Gravitational Wave Astrophysics”, 1406.4206.
[46] H. Yang, A. Zimmerman, and L. Lehner (2014),
arXiv:1402.4859.
[47] E. W. Leaver, Proc. R. Soc. Lond. A 402, 285 (1985).
[48] H. Yang, F. Zhang, A. Zimmerman, D. A. Nichols,
E. Berti, et al., Phys.Rev. D87, 041502 (2013),
1212.3271.
[49] H. Yang, A. Zimmerman, A. Zenginolu, F. Zhang,
E. Berti, et al., Phys.Rev. D88, 044047 (2013),
1307.8086.

